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A THERMAL STRESS SOLUTION FOR
MULTILAYERED COMPOSITE CYLINDERS

Mark D. Witherell

ABSTRACT .
An elastic thermal stress solution is presented for a

multilayered composite cylinder subjected to a radial

temperature field. The solution assumes each layer to be at

a uniform temperature, theretore, many layers are requived |

to model regions with large gradieats in temperature.
Previously developed closed-form solutions for a
monolayzred cylinder subjected to a uniform temperature
change aad loadings of internal and external pressures are
used to construct the multilayered solution. Resuits
produced by the theoretical solution have been compared to

those generated from a finite element analysis with excellent

agreement. Finally, by combining a previously developed
multilayered stress solution for loadings of internal pressure,
external pressure. and axial force with the plane-strain
thermal stress solution of this report, the multilayered
thermal stress solution for generalized plane-strain boundary
conditions is shown to be easily obtamed

NOM!NCLATUR‘:'
inner radius of a layer
- elements of the compliance matrix for
an orthotropic material

- outer radius of a layer

- intemal pressure on a layer

- external pressure on a layer

- radial position within a layer

- thermal expansion coefficient

- uniform temperature change of layer

- strain :

- stress

Subscripts

ab - evaluated at inner and outer radial location

102 - radial, hoop, and axial directions

Superscripts

Pq - identifies stresses and strains that are associated
with the monolayered stress solution for internal
pressure 'p’ and external pressure ’g’.

T - identifies stresses and strains that are as-ociated

' with the monolayered stress solution for thermal
loading AT.

Qa ‘
Sn-.n'oc' I

INTRODUCTION

In certain cylindrical pressure vessel applications, such as
cannon, there exists a severe thermal enviror.ment in which
the vesse] is exposed to high temperatures and large heat

inputs. In recent years there has been increased interest in

exploiting the unique qualities of composite materials in the
design of large caliber cannons. Most often, composite
materials are employed as jackets in a multilayered cannon

construction. In order for design and analysis of these types.

of vessels to be carried out, a thermal stress solution for
thick-walled multilayered composite cylinders must be used.
The problem of constructing the multilayered thermal stress
solution involves applying the proper boundary conditions to
the appropriate monolayered sojutions. The two monolayered
solutions used in this construction process involve constant
temperature thermal loading and loading of internal and
extemal pressures. The solution involving internal and
external pressure is necessary to preserve continuity of the
structure as each layer expands or contracts due to its

" temperature change. In both of these stress solutions, each

layer is considered to be an orthotropic material and under
plane-r.rain boundary conditions, i.e., each layer has zerc
axial strain. The monolayered thermal stress solution comes

- from previous work by Gerstle and Reuter (1975) of Sandia

Laboratories. Their solution is actually a special case of that
given by Tauchert (1974). An interesting and important

~ result of this solution is that--unlike isotropic cylinders,which ~ = "~

are stress-free for a uniform temperature change--orthotropic
cylinders sustain radial, hoop, and axial stresses as a result of
a uniform temperature change. The monolayered stress
solution for loadings of intemnal and external pressures is
given by Lekhnitskii (1963). Both the work of Gerstle and
Reuter and that of Lekhnitskii represent closed-form
solutions for the loadings and boundary conditions
mentioned. The essential components of these solutions are
more fully discussed below.

GEOMETRY, MATERIAL, AND LOADING DEFINITION
A mulitilayered cylinder can be viewed as an assembly of
many single-layered cylinders. It is appropriate, therefore, to

- begin with a review of the monolayered orthotropic cylinder




problem for thermal loading and loadings of internal and
external pressures. It should be mentioned at this point that
the nomenclature used in this report has been chosen to be
consistent with a previous work by Witherell (1992)
regarding multilayered stress solutivns.

In the monolayered case, the cylinder is assumed to be
long with ends that are fixed. The cylinder has an inner
radius *a’ and an outer radius b’ (see Figure 1), The

Fig. 1. Monolayered cylinder geometry.

cylinder is subjected to an internal pressure ’p’, an external
pressure 'q’, and a temperature rise of AT. 4n axial force
F;;, is necessary to enforce the fixed end constraint
generated by the pressures 'p’ and *q’, as shown in Figure 2.
Sirilarly, an axial force F,, is needed to enforce the fixed
end constraint for the temperature rise AT (see Figure 3).
A cylindrically-orthotropic material is assumed with its
principal axes coincident with the cylindrical coordinate
system defining the cylinder geometry. In constructing
multilayered composite cylinders, layers are most commonly
used m + and - fiber wrap angle pairs, where each pair can
be viewed as a single orthotropic layer. An orthotropic
material is characterized by twelve independent thermo-

mechanical material constants consisting of three
engineering moduli (E,,E,,E,), three shear moduli (Gy,, Gy,
Gy;), three Poisson’s ratios (¥,,¥n,vy), and three thermal
expansion coefTicients (a,.x,.a,). The numbers 1,23 indicate
the principal material directions which for the above
assurnptions correspond to the radial, hoop, and axial
directions of the cylinder (r.8.2z). In addition, since the
principal material directions correspond to the principal
directions of both the cylinder geometry and the applied
loadings, shear effects are eliminated, and the number of
material constants necessary for the analysis reauces to nine.

y4

g

Fig. 2. Internal and external pressure loading of
monolayered cylinder under plane-strain
boundary conditions.

Traction Free Inner
and Outer Surfaces

Fig. 3. Uniform temperaturevchangAe loading
for monolayered cylinder under plane-
strain boundary conditions.

MONOLAYERED THERMAL STRESS SOLUTION

The equations describing the thermal stresses for an
orthotropic cylinder with the fixed end constraint and
traction-free inner and outer surfaces are given by Gerstle
and Reuter (1975). These equations, in a slightly different
form, are given below. A superscript T is used to signify
thermal joading.
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where 't is the radxal position in the cylinde, and /.\T is the
uniform terperature change of the layer, .

I I @
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By are elements of the reduced (plane-stram) compliance
matrix as given in

g p,a,:E,AT tj=r8 - (&)
and |
By dy - 2B e @

and A, are the elements of the compliance matrix for an

orthotropic material, as given in the equation relating strain
" to stress
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In addition, an axial stress is produced as a result of the fixed
end constraint and can be obtained by simplifying Eq. (5) for
¢ =0,

QI- -‘-‘20:. -,A.;..o: -.‘_'AT (11)
Ay A, a

The axial force F, can be found by integrating the axial
stress over the end area

’
Fp=2x f ol rdr 12
e

pmducing

o= < EEDT U A kA LA )

(13)
where
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2

Later, it will prove necessary to use hoop stress and hoop
strain values at the inner and outer surfaces of a layer to
construct the multilayered solution. Since the formulation
for the monolayered thermal stress solution assumed

_ traction-free inner and outer surfaces, the radial stresses on

these surfaces must be zero. Evaluating the hoop stress at
these two locations gives

oy, = D(2k8-k-1)AT an

::::::
e




oy, = DIk8C)*-K(1-8)CH-1AT (18)

Likewise, tLe hoop strain at these surfaces is given by

c.r,-paa:,'i.AT (19)
which ‘simplifies to
¢, "4 AT (20
where
&, = B D(2UB -k-1)+3, @
Similarly,
‘:) * Pyyig, *@AT @
which simplifies to
5, = &,AT e)]

where ‘
&, = P, DIRC-K1-8)Ci-1)05, (29

PLANE-STRAIN MONOLAYERED SOLUTION FOR
INTERNAL AND EXTEANAL PRESSURES

The equations describing the stress distribution for an
orthotropic cylinder with fixed ends and loadings of internal
and external pressures are given by Lekhnitskij (1963). The
form of these equations, given below, is that suggested by
O’Hara (1987). The superscript pq is used to signify the
solution for pressure loading

’ PC 4](,"'0 [?C.H P]‘.M(g)"‘ 2%

a-cH |t -c*

olte

e -a), r b [ch N4 - bt (26)
—— ) (= )
a-c3 | 1-¢ v

2 r
- -

oMa Anom -]“s,;v @n

*Similar to what was done to find Fy, Fz can be found by
integrating the axial stress over the end area to produce

- ¥ 4 1 Al’ M” .
F, ;(—‘—,5'[5’(9 -»C, ')(I'C" g 28

. R JRPrp | Ayy Ky
a’eC,”-pN1-C )R

Again, it will be necessary to have stiesses evaluated at the
inner and outer surfaces for purposes of constructing the
muitilayered solution. The radial and hoop stress at these

. two locations are given below

s -p 29
ofl = TAPp+TAQq 30
where
up o KLY 3 ~2kCh
» TAQ*—— (31ab)
(l-c") (x-C") ‘
and
ofle-q (2
where

TBP = -TAQC! , TBQ= -TAP  (34a.b)




THERMAL

LOADING ON LAYER i

PRESSURE .

Fig. 4. MSOLA4 loading.

PLANE-STRAIN MULTILAYERED THERMAL STRESS
SOLUTION - MSOL4
. Aswasmentioned earlier, the multilayered thermal stress
solution requires both thé monolayered thermal stress
solution and the monolayered stress solution for loadings of
internal and external pressures. This is because as an
individual layer shrinks or expands due to its temperature
change, it will either push or pull on adjacent layers. This
pushing or pulling gives rise to interface pressures at the
boundaries of adjacent layers. Figure 4 shows the loading
for the MSOLA solution. In order for continuity of the
multilayered cylinder to be maintained for a given
temperature distnibution, the hoop strain of two layers at
their interface must be equal. The. equation defining the
hoop strain equivalence at the interface of layer i and i+1
is given below ‘

GO+ G0 - L) Gltey G

By substituting the appropriate stress components from the
two monolayered solutions outlined above, we arrive at the
following equation:

- — T

v

40ATO- &G+ DATUD+ G gG-1) (34,
+Gyq(D+Gyqli+1) = 0

where
Gy® ~C(0-P (0 TAQH) @7
Gp* “[Bu= BulieD) + By(DTAPG) + 39
B, (1+1) TAPU+1)]
and |
Gy= ~Pui+1)TAQU+1) (39)

For each two-layer interface there is one equation defining
the hoop strain equivalence condition. For a cylinder with
'N” orthotropic layers, there are N-1 equations and N-1
unknowns. Setting up these equations in matrix form and
noting that p(1) and a(N) are the prescribed intemal and
external pressures of the overall cylinder results in

I3}
I
. b




G, Gy : [ )
Gy Gy Gy Y Q)
G;, Gy Gy o3)
0 . .
Gy.21 Gu-22 Gr-23 | |gN-2)
Gy.14 Gy.12) [g(N-1)

[ -G, p(1)-2(1)
-¥)
-¥(3)

(40)

-!(}4-2)
_'Gu-u"l(N)‘,(N -1)

where .
()= &,(DATU)- i.(l*l)Aﬂi‘l) (41)

In a condensed form, the matrix equation above can be
written as ‘

[GUQI=(A) (42)

It should be mentioned that p(1) and q(N) should be set to
zero if the objective is to find the muitilayered thermal
stress solution for traction-free inner and outer surfaces.
The system of equations given above can be easily solved
to determine the interface pressure vector [Q]. By recalling
that q(i-1) = p(i), we can now calculate the stress
distribution in layer i by using AT, p(i), and q(i) as input
into the two monolaye:ed stress solutions discussed earlier.
Each layer of the cylinder has two axial forces, F,, and
Fz, that make up the total force required to enforce the
fixed end conditions. By summing each of these forces for
" the entire cylinder, we can determine the total axial force
(Fz,) from the pressure loads and the total axial force (F,,)
from the thermal loading, as given below

N
Fau = £P,0 (@)
Fu *EF,00 )

THE MULTILAYERED THERMAL STRESS SOLUTION
FOR GENERALIZED PLANE-STRAIN BOUNDARY
CONDITIONS - MSOLT

In the multilayered plane-strain thermal solution
(MSOLA) discussed in the previous section, the ends of the
cylinder are fixed and the axial strain is zero for each layer.
Generalized plane-strain boundary conditions address the
case in which each layer of the cylinder has equivaient but,
in general, nonzero axial strain. Both the fixed ends and free
ends type of boundary conditions would be special cases of
the generalized plans-strain class of problems. Axial loading
can also be modeled when this type of boundary condition is
made part of the solutions formulation. By combining
MSOLA with a nonthermal generalized plane-strain solution
(MSOLPQF) by Witherell (1992), the multilayered thermal
stress solution for generalized plane-strain boundary
conditions (MSOLT) can be easily constructed.

The generalized plane-strain multilayered stress solution
(MSOLPQF) is for loadings of intemal pressure, external

. pressure, and axial force. This solution is constructed from

three separate multilayered solutions, MSOL1, MSOLZ, and

"MSOL3. The MSOLT solution is very simply obtained from
.the MSOLPQF solution by substituting MSOL4 for MSOL.1.

Making this substitution also requires adding one more term
(Fz4) to the FZN constant used in the MSOLPQF solution.
The new equation for FZN is given as

FZN = Fo-Fy,~Fpy - @S

RESULTS

The, multilayered thermal stress solution MSOLT was
implemented in a FORTRAN program and verified with a
finite element solution. In comparing theoretical predictions
of maximum absolute values of radial, hoop, and axial stress
with those produced using finite elements, a difference of less
than 0.4 percent was found. This close agreement is to be
expected, since the finite element solution will approach the
MSOLT solution as the element size appreaches zero.

An example of a solution for a cylinder with ‘an internal
radius of 1 inch (2.54 cm), external radius of 2 inches (5.08
cm), with 50 orthotropic layers is shown in Figures S, 6, and
7. The cylinder is under generalized plane-strain boundary
conditions with a net axial force of zero. The layup consists
of alternating hoop and axial layers of a graphite/epoxy
composite. An IM6 graphite fiber was used, and the
composite had a 60 percent fiber volume ratio. The laminate
material properties were generated using an average of four
micromechanics models and are shown in Table 1.

The cylinder is subjected to a linear rudial temperature
distribution starting at SO°F at the inner layer, decreasing to

" 1°F at the outer layer. Also, remember that the temperature

within a layer is uniform. Figures 5 and 6 show the thermal
stress distribution resulting from this temperature gradient.
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TABLE 1. LAYER MATERIAL PROPERTIES FOR IN6/EPOXY
: 60 PERCENT FIBER-VOLUME RATIO

et A S
Fiber - (Mpsi) (10°7°F)
Direction — '
E EO L g Vro Up Vg &, @, X,
Hoop 1274 | 25.40 | 1274 | 0.0157 | 03127 | 0.3956 | 0.2304 | -0.0263 | 0.2304
Axial 1274 | 1274 | 2540 | 03956 | 0.0157 | 0.3127 { 0.2304 | 0.2304 | -0.0263
1 Mpsi = 6.89 GPa
I'Ft =9/5°C' -
2 -
axial S
1} T
R
E
S
S
radial (XS?)
] ] L L . =101l B T | L L .
12 14 18 18 2 1 12 14 16 18 2

RADIAL POSITION (in.)

Fig. 5. Axial and radial thermal stress
distribution (1 Ksi = 6.89 MPa,
tin. = 2.54 cm).

RADIAL POSITION (in.)

Fig. 6. Hoop thermal stress distribution
(1 Ksi = 6.89 MPa, 1 in. = 2.54 ¢m).




Because the inner and outer surfaces are traction-free, the
radial stress at these locations is zero. The large
fluctuations in hoop and axial stresses occur at axial-hoop
layer boundaries. The thermal strain distribution is shown
in Figare 7. The radial strain curve has some jaggedness to
it because of jumps in temperature from layer to layer.

2

% 45

S 1

T

R 5

A

i 0

N_.s 1 ] | I

1 12 14 16 18 2
RADIAL POSITION (in.)

Fig. 7. Axial, radial, and hooyp thermal
strain distribution (1 in. = 2.54 cm).

CONCLULIONS

Closed-form elastic stress solutions for monclayered
cylinders under thermal and pressuse loading were used to
construct the plane-strain multilayered thermal stress

solution. In addition, it was shown that this solution can be '

simply extended to the rase of generalized plane-strain
: boundary conditions. The solution has been compared with
tinite element results with excellent agreement. Finally, the
multilayerec thermal stress solution has been successfuily
integrated with a finite difference heat transfer solution to
predict transient stress distributions in multilayered cannon.
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ATTN: AMSTA-DDL (TECH LIB) 1
WARREN. MI 48397-5000

COMMANDER

US MILITARY ACADEMY 1
ATTN: DEPARTMENT OF MECHANICS

WEST POINT, NY 10996-1792

US ARMY MISSILE COMMAND

REDSTONE SCIENTIFIC INFO.CTR 2
ATTN: DOCUMENTS SECT, BLDG. 4484
REDSTONE ARSENAL, AL 35898-5241

COMMANDER _
US ARMY FGN SCIENCE AND TECH CTR
ATTN: DRXST-SD 1
220 7TH STREET, N.E.
CHARLOTTESVILLE, VA 22901

COMMANDER

US ARMY LABCOM

MATERIALS TECHNOLOGY LAB -
ATTN: SLCMT-IML (TECH LIB) 2

WATERTOWN, MA 02172-0001

NOTE: PLEASE NOTIFY COMMANCER, ARMAMENT RESEARCH, DEVELOPMENT, AND ENGINEERING
CENTER, US ARMY AMCCOM, ATTN: BENET LABORATORIES, SMCAR-CCB-TL,
WATERVLIET, NY 12189-4050, OF ANY ADDRESS CHANGES.




TECHMNICAL REPORT EXTERNAL DISTRIBUTION LIST (CONT'D)

; ~ NO. OF. , NO. OF
‘ : COPIES \ COPIES
COMMANDER , COMMANDER _
US ARMY LABCOM, ISA AIR FORCE ARMAMENT LABORATORY
. ATTN: SLCIS-IM-TL , 1  ATTN: AFATL/MN 1
2800 POWDER MILL ROAD ' EGLIN AFB, FL 32542-5434
ADELPHI, MD 20783-1145 '
' ' COMMANDER ,
COMMANDER * AIR FORCE ARMAMENT LABORATORY
US ARMY RESEARCH OFFICE ‘ ATTN: AFATL/MNF

ATTN: CHIEF, IPO 1  EGLIN AFB, FL 32542-5434 1

P.0. BOX 12211 )
- RESEARCH TRIANGLE PARK, NC 27709-2211 DIRECTOR
' US ARMY BALLISTIC RESEARCH LABORATORY

DIRECTOR : ‘) ' " ATTN: SLCBR-IB-M (DR. BRUCE BURNS) 1

US NAVAL RESEARCH LAB ABERDEEN PROVING GROUND, MD 21005-5066

ATTN: MATERIALS SCI & TECH DIVISION 1 ' :
CODE 26-27 (DNC LIB) 1

WASHINGTON, D.C. 20375

o NOTE: PLEASE NOTIFY COMMANDER, ARMAMENT RESEARCH, DEVELOFMENT, AND ENGINEERING
CENTER, US ARMY AMCCOM, ATTN: BENET LABORATORIES, SMCAR-CCB-TL,
WATERVLIET, NY 12189-4050, OF ANY ADDRESS CHANGES.
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